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1 aspect
, $d$ 2 Bianchi group
$L$ $d$-aspect .
aspect .
Riemann zeta $\zeta(s)$ $L$ $L$ (s, $f$ ) $\Re(s)=1/2$
. $L$ $\Re(s)=1/2$








$\zeta$ ($\frac{1}{2}+it)=O(t^{\frac{1}{4}+\epsilon})$ , $le>0$ , $tarrow\infty$ .
2 $\Gamma_{0}(N),$ $N\in \mathrm{N}$ 2 $\mathbb{H}^{2}$
Hecke eigen cusp form $f_{N}$ (z) $L$
$L(s, f_{N})= \sum_{n=1}^{rightarrow}\frac{\lambda_{N}(n)}{n^{\mathit{8}}}$
( $\lambda_{N}$ (n) Hecke $f_{N}($z) . ) $\Re(s)=1/2$
N- aspect
$L$ ( $\frac{1}{2}+it,$ $f_{N})=O_{\epsilon,t}(N^{\frac{1}{4}+\epsilon})$ , Ve $>0$ , $Narrow$r $\infty$ .
1384 2004 101-108
102
2 , $N$ , $Narrow\infty$
$N$ N-aspect
, Dirichlet $L$ $q$-aspect, $L$
$k$-aspect, Maass fornn $L$
$r$-aspect .
, $L$ aspect 2 $K$
$d<0,$ $d\neq-3,$ $-4$ ’ $d$-aspect’ .
$L$ , $K$ $\mathcal{O}_{d}$ Bianchi group PSL$(2, \mathit{0}_{d})$ Maass
form $\phi_{d,r}$ (\mbox{\boldmath $\omega$}) $L$ $L$ ( s, $\phi_{d,r}$ ) , $d$-aspect
. ( 1)
$L( \frac{1}{2}+it,$ $\phi_{d,r})=O_{\epsilon,t,r}(|d|^{\frac{1}{2}+\epsilon h(d)})$ , $\forall\epsilon>0,$ $|d1arrow 0.$ (1)





, Hecke eigen even Maass cusp form $L$
.
$\mathbb{H}^{3}$ 3
$\mathbb{H}^{3}=\{\omega=(y, z)|y>0, z=x_{1}.+ix_{2}\in \mathbb{C}\}$
$\Gamma=\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathcal{O}_{d})$ $\mathbb{H}^{3}$ .
$\Gamma\backslash \mathbb{H}^{3}$
$\triangle=-y2$ $( \frac{\partial^{2}}{\partial x_{1^{2}}}+\frac{\partial^{2}}{\partial x_{2^{2}}}+\frac{\partial^{2}}{\partial y^{2}})+y\frac{\partial}{\partial y}$
$L^{2}(\Gamma\backslash \mathbb{H}^{3})$ , $\Delta$ $1+r^{2}$
. 1+ Maass form $\phi(\omega)$ ,
cusp $\alpha_{n}$ ( $1\leq n\leq h$ (d), $a_{1}=\infty$ ) \phi ( )=0 ,
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$\phi$ Maass cusp form.l . Maass cusp form $S$ $($ \Gamma , $r)$
[7] (1) $\phi\in \mathrm{S}$ (F) $r)$ cusp $\infty$ Fourier
.
$\phi(\omega)=\sum_{0\neq\nu\in O_{d}}c(\nu)yK_{i\mathrm{r}}(2\pi|\frac{2\nu}{\sqrt{d}}|y)e(\Re(\overline{\frac{2\nu}{\sqrt{d}}}z))$
$K_{ir}$ (z) $K$-Bessel function .
$\iota$
$\mathbb{H}^{3}$ $\iota(y, z)=(y, -z)$ . $\phi\in \mathrm{S}$ (F, $r$ ) $\phi 0\iota\in$
$S$ (r, $r$ ) . $\iota^{2}=1$ $\pm 1$ , $\phi 0\iota=\phi$ , $\phi$ even
, $c(\nu)=c(-\nu)$ . $\phi 0\iota=-\phi$ $\phi$ odd ,
$c(\nu)=-c(-\nu)$ .
Hecke $T$ (\mbox{\boldmath $\nu$}): $L^{2}(\Gamma\backslash \mathbb{H}^{3})arrow L^{2}(\Gamma\backslash \mathbb{H}^{3})$ :
$T( \nu)\phi(\omega)=\frac{1}{|\nu|}$
$\sum_{\alpha\delta-\nu,\Re(\delta\overline{)}>0}\sum_{\beta \mathrm{m}\mathrm{o}\mathrm{d} \delta}.\phi(\frac{1}{\sqrt{\nu}}(\begin{array}{ll}\alpha \beta* \delta\end{array}) \cdot\omega)$
$\mathrm{S}$ (r, $r$ ) , Hecke ,





$c(1)\neq 0$ . , $d\neq-3,$ $-4$
Hecke eigen even Maass cusp form $\phi$ .
$\phi$ $L$ :
$L(s, \phi)=\sum_{0\neq(\nu)\in O_{d}}\frac{\lambda(\nu)}{N(\nu)^{s}}$ .





[ 3.1 ] Rankin-Selberg method $\lambda(\nu)$
.
3.2 $L$ (s, $\phi$) $\Re(s)>1$ ,
.
$L(1+\epsilon+it.\phi)<<$,,$r|$d $|$ ’h(d), $\forall\epsilon>0$ . (3)
$L$ (s, $\phi$) explicit
3.3
$|$L(s, $\phi$) $|=( \frac{\sqrt{|d|}}{2\pi})^{2-4\sigma}$ $\frac{\Gamma(1-s+\frac{ir}{2})\Gamma(1-s-\frac{ir}{2})}{\Gamma(s+\frac{ir}{2})\Gamma(s-\frac{ir}{2})}$ $|$L(1-s, $\phi$) $|$
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, (3)
L(-\epsilon +i $\phi$) $\ll_{\epsilon,t,r}(\sqrt{|d|})^{2+4\epsilon}|d|^{\epsilon h(d)}$ , $\forall\epsilon>0$ .
(3) , Phragm\’en-Lindel\"of $([6]\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}2)$
$0\leq\sigma=\Re(s)\leq 1$ .





cusp $a_{n}$ Fourier $c_{a_{n}}$ (\mbox{\boldmath $\nu$}) , normalize $\mathrm{L}$,
$\hat{c}_{a_{n}}(\nu)=(\frac{\sqrt{|d|}}{||\phi||e^{\pi|1+ir|}})\frac{1}{2}c_{a_{n}}(\nu)$ .
$c_{a_{n}}$ (\mbox{\boldmath $\nu$}) Rankin-Selberg $L$ :
$L_{a_{n}}$
$(s, \phi\otimes\overline{\phi})=\sum_{0\neq\nu\in \mathcal{O}_{d}}\frac{|\hat{c}_{a_{n}}(\nu)|^{2}}{N(\nu)^{s}}$ .
$|\hat{c}_{a_{n}}$ (\mbox{\boldmath $\nu$})|2
$\sum_{N(\nu)\leq X}|\hat{c}_{a_{\mathfrak{n}}}(\nu)|^{2}<<|1+ir|+\frac{X}{|1+ir|}$ (4)
$L_{a_{n}}$ (s, $\phi\otimes\overline{\phi}$) $\Re(s)>1$ , Eisenstein
$E_{a_{n}}$ $($ \mbox{\boldmath $\omega$}, $s)$
$\Lambda_{a}$n(s, $\phi\otimes\overline{\phi}$) $= \int_{\Gamma\backslash \mathbb{H}^{3}}E_{a_{n}}(\omega, 2s-1)|\phi.(\omega)|^{2}\frac{dzdy}{y^{3}}$ (5)
$\Lambda_{\alpha_{n}}(s, \phi\otimes\overline{\phi})=\frac{|d|^{s+\frac{1}{2}}\Gamma(s)^{2}\Gamma(s+ir)\Gamma(s-ir)}{16(2\pi)^{2s}\Gamma(2s)}L_{a_{n}}(s, \phi\otimes\overline{\phi})$ ,
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$E_{a_{n}}( \omega, s)=\sum_{\gamma\in\Gamma_{a_{n}}\backslash \Gamma}(y(\sigma_{a_{n}}^{-1}\gamma\Gamma\omega))^{s-1}0$
(5) Eisenstein ([1] Theorem 5.8) $h$ (d)
{ $L_{\infty}(s,$ $\phi\otimes\overline{\phi}),$ $L_{a_{2}}($s, $\phi\otimes\overline{\phi}),$ $,$ $\mathrm{r}|,$ $L_{a_{h(d)}}($s, $\phi\otimes\overline{\phi})$ }
, $s$ $1-s$
. $\Re(s.)>1/2$ $s=1$ 1 , $R=\mathrm{r}\mathrm{e}\mathrm{s}_{s=1}L_{a_{n}}$ (s, $\phi\otimes\overline{\phi}$)
$R= \frac{512\pi^{4}}{|d|\Gamma(1+ir)\Gamma(1-ir)\zeta_{K}(2)e^{\pi|1+ir|}}\gg\frac{1}{|dr|}$ (6)
. $\zeta_{K}$ (s) $K$ Dedekind zeta . (4) ,
Phragm\’en-Lindel\"of $L_{\infty}(s,\phi\otimes\overline{\phi})$ $\Re(s)=1-1/(h(d)+2)$
.
$\exists C_{1}>0$ $s.t$. $(s-1)L_{\infty}(s, \phi\otimes\overline{\phi})<<|d$ ( $1+|$ t $|+|$r $|$ ) $|^{C_{1}}$ . (7)
Perron (7) , $X>0$ .
$\sum_{N(\nu)\leq X}|\hat{c}(\nu)|^{2}=RX+O(X^{1-_{h}}\urcorner_{d\mp 2}7^{1}|d(1+|r|)|^{C_{1)}}$ (8)




$C_{2}>0$ . (6), (8), (2)
$\frac{R}{|\hat{c}(1)|^{2}}X\ll_{r}\sum_{N(\nu)\leq X}\frac{|\hat{c}(\nu)|^{2}}{|\hat{c}(1)|^{2}}=\sum_{N(\nu)\leq X}|\lambda(\nu)|^{2}\ll_{r}\frac{R}{|\hat{c}(1)|^{2}}X$ ,
. $R/|\hat{c}(1)|^{2}\ll_{\epsilon,r}|$ d|‘h(d) 3.2
. $R/|\hat{c}(1)|^{2}$ $X$ , $X=|d|^{C_{2}h(d)}$
. partial summation , $L(X)= \sum_{N(\nu)\leq X}|\lambda(\nu)|^{2}N(\nu)^{-1/2}$
.
$\frac{R}{|\hat{c}(1)|^{2}}X$ i
$\ll_{r}\sum_{N(\nu)\leq X}\frac{|\lambda(\nu)|^{2}}{X^{\frac{1}{2}}}\ll L(X)<<_{r}\frac{R}{|\hat{c}(1)|^{2}}X^{1}2$ . (9)
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Iwaniec [3] (19) , Hecke .
$L(X)^{2}<<_{\epsilon}X^{\epsilon}$L(X2), $\forall\epsilon>0.$ (10)
(9) (10) , .
$\frac{R^{2}}{|\hat{c}(1)|^{4}}X\ll r$
$L(X)^{2} \ll_{\epsilon}X^{\epsilon}L(X^{2})<<_{r}X^{\epsilon}\frac{R}{|\hat{c}(1)|^{2}}X$ .
$R/|\hat{c}(1)|^{2}\ll_{\epsilon,r}X$\epsilon . $X=|d|^{C_{2}h(di}$ $R/|\hat{c}(1)|^{2}<<_{\epsilon,r}$
$|d|^{\epsilon h(d)}$ .
$X\geq|d|^{C_{2}h(d)}$ 3.2
. $X<|d|^{C_{2}h(d)}$ $4\mathrm{a}$ , Iwaniec $[2]\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}8.3$ .
5
1 , , ,
. (1) $|d|$
$1/2+\epsilon$ $1/2+\epsilon h$ (d)
,
2 $r$ , 3.2 $\lambda(\nu)$
, $d,$ $r$ .
$\sum_{N(\nu)\leq X}|\lambda(\nu)|^{2}\ll_{\epsilon}|$
d$(1+|r|)|^{\epsilon}$h(d)X, $\forall\epsilon>0.$ (11)
(11) 3.3 , $L$ (s, $\phi$) $\Re(s)=1/2$ $d,$ $t,$ $r$
. 3.1 .
$L$ ( $\frac{1}{2}+it,$ $\phi)\ll_{\epsilon}|\sqrt{d}$( $1+|$rD $|^{1+\epsilon}$h(d)(1 $+|$ tD $1+\epsilon$ . (12)
(12) $\tau$IA $\text{ }\ovalbox{\tt\small REJECT} \text{ }[]’.t$-aspect, r-aspect $\text{ ^{}\prime \mathrm{B}}\uparrow\yen \text{ }.|--\text{ }\mathrm{B}^{\mathrm{s}}\backslash \text{ ^{}\backslash }\text{ }$ .
$L$ ( $\frac{1}{2}+i\mathrm{t},$ $\phi)=O_{\epsilon,d,r}(t^{1+\epsilon})$ , $\forall\epsilon>0,$ $tarrow\infty$ ,
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$L( \frac{1}{2}+it,$ $\phi)=O_{\epsilon,d,t}(|r|^{1+\epsilon})$ , $\forall\epsilon>0$ , $|$r $|arrow\infty$ .
3( $1\mathfrak{y}$ , $d=-4$ , $K=\mathbb{Q}(\sqrt{-1})$ S. Koyama[4]
.
4 33 , $L$ ,
(Hecke Theory) ,
. $d=-4$, $K=\mathbb{Q}(\sqrt{-1})$
Y. Petridis and $\mathrm{P}$. Sarnak[5] .
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